Background {#Sec1}
==========

The history of *q*-calculus dates back to the beginning of the previous century when, based on the pioneering works of Euler and Heine, the English reverend Frank Hilton Jackson developed *q*-calculus in a systematic way (Chaundy [@CR5]; Ernst [@CR4]; Kac and Cheung [@CR9]). His work gave rise to generalizations of special numbers, series, functions and, more importantly, to the concepts of the *q*-derivative (Jackson [@CR7]), or Jackson's derivative, and the *q*-integral (Jackson [@CR8]). Recently, based on Jackson's derivative, a *q*-version of the classical Steepest Descent method, called the *q*-Gradient (*q*-G) method, has been proposed for solving unconstrained continuous global optimization problems (Soterroni et al. [@CR21], [@CR22]). The main idea behind this new method is the use of the negative of the *q*-gradient of the objective function as the search direction. The *q*-gradient is calculated based on *q*-derivatives, or Jackson's derivatives, and requires a *dilation* parameter *q* that controls the balance between global and local search.

The gradient of one-variable function *f*(*x*) is simply the derivative. Geometrically, it is the slope of the tangent line at a given point *x*; see Fig. [1](#Fig1){ref-type="fig"}. Similarly, the *q*-gradient of *f* is the *q*-derivative that has also a straightforward geometric interpretation as the slope of the secant line passing through the points \[*x*, *f*(*x*)\] and \[*qx*, *f*(*qx*)\]. It is immediately evident that the sign of the *q*-derivative can be either positive or negative, depending on the value of the parameter *q*. For $\documentclass[12pt]{minimal}
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                \begin{document}$$q_3$$\end{document}$ the sign of the *q*-derivative is negative which potentially allows the *q*-G method to move to the right direction, towards the global minimum of *f*.Fig. 1Geometric interpretation of the classical derivative (*dotted line*) and the *q*-derivative for different values of the parameter *q*

Figure [2](#Fig2){ref-type="fig"} shows the contour lines of a quadratic function $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {x}=(10,10)$$\end{document}$, and the negative of both classical and *q*-gradient vectors. The negative of the classical gradient vector of *f*, the steepest descent direction, is represented in Fig. [2](#Fig2){ref-type="fig"} by the bold line segment of number 1. All the other line segments illustrate the negative of the *q*-gradient vector obtained for different values of the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {1}$$\end{document}$, the negative of the *q*-gradient tends to the steepest descent direction. As can be seen, depending on the value of the parameter *q*, the *q*-gradient can point to any direction and not only to descent directions.Fig. 2The negative of the gradient vector (*bold line segment* number 1) and the *q*-gradient vector of *f* for different values of the parameter *q* (*line segments* from 2 to 10 and 2′ to 10′). The parameters ($\documentclass[12pt]{minimal}
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Figure [3](#Fig3){ref-type="fig"} illustrates the points sampled by the *q*-G method, with two different strategies to generate the parameter *q*, over a multimodal function $\documentclass[12pt]{minimal}
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These simple examples show that the use of the *q*-gradient, based on Jackson's derivative, offers a new mechanism for escaping from local minima. The algorithm for the *q*-G method is complemented with strategies to generate the parameter *q* and to compute the step length in a way that the search process gradually shifts from global in the beginning to almost local search in the end. As here proposed, the *q*-G algorithm has only two free parameters to be adjusted: the initial standard deviation ($\documentclass[12pt]{minimal}
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                \begin{document}$$\beta$$\end{document}$). Although a bad choice may lead to some deterioration in its performance, the *q*-G method has shown to be sufficiently robust for still being capable of reaching the global minimum.

We evaluated *q*-G's performance of against 34 optimization methods and on 34 test problems. First, we considered ten 2-D optimization problems, eight unimodal and two multimodal, as defined in (Luksan and Vlcek [@CR12]), and compared the *q*-G method with 22 derivative-free algorithms described in (Rios and Sahinidis [@CR18]). Second, we evaluated our approach on twelve 10-D and twelve 30-D test problems, ten unimodal and fourteen multimodal. These test problems have been proposed as a benchmark for the CEC′2005 Special Session on Real-Parameter Optimization of the IEEE Congress on Evolutionary Computation 2005 (Suganthan et al. [@CR23]). For this second set of problems, we compared the *q*-G with 11 Evolutionary Algorithms (EAs) participants of the competition and with the steepest descent (SD) method.

The rest of the paper is organized as follows. The \"[*q*-gradient vector](#Sec2){ref-type="sec"}\" section introduces the *q*-gradient vector. \"[The q-G method](#Sec3){ref-type="sec"}\" section presents an algorithm for the *q*-G method. \"[Computational experiments](#Sec4){ref-type="sec"}\" section shows the numerical results, and \"[Conclusions](#Sec7){ref-type="sec"}\" section presents our main conclusions.

The *q*-gradient vector {#Sec2}
=======================
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The *q*-G method {#Sec3}
================

Let a general nonlinear unconstrained optimization problem be defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \min f(\mathbf {x}) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {x} \in \mathbb {R}^n$$\end{document}$ is the vector of the independent variables and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The algorithm of the *q*-G method is completed with a strategy for calculating the step length $\documentclass[12pt]{minimal}
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Summarizing, the algorithm of the *q*-G method for unconstrained continuous global optimization problems is described as follows.

[Algorithm for the]{.smallcaps}*q*-G[method]{.smallcaps}
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The *q*-G method stops when the appropriate stopping criterion is attained. In real-world applications (i.e., in problems for which the global minimum is not known), it can be the maximum number of function evaluations, or the value of the local gradient $\documentclass[12pt]{minimal}
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Computational experiments {#Sec4}
=========================

The *q*-G method was tested on two set of problems followed by a systematic comparison with derivative-free algorithms. First, we applied our approach on ten 2-D test problems defined in (Luksan and Vlcek [@CR12]), eight unimodal and two multimodal, and compared it with 22 derivative-free algorithms described in (Rios and Sahinidis [@CR18]). Second, the *q*-G method was evaluated on twelve 10-D and twelve 30-D test problems, ten unimodal and fourteen multimodal, and it was compared with 11 Evolutionary Algorithms (EAs) participants of the CEC′2005 Special Section on Real-Parameter Optimization of the 2005 IEEE Congress on Evolutionary Computation, and the Steepest Descent method. The *q*-G method and the Steepest Descent method were performed on a iMac 2.7GHz with Intel Core i5 processor and 8GB RAM running Intel Fortran Composer XE for Mac OS\* X.
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First set of problems {#Sec5}
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The resolution of all 22 derivative-free methods and the *q*-G method over this set of ten problems, each one solved for 10 independent runs, results in a total number of 100 optimization instances per algorithm. In order to perform a qualitative comparison of the different methods over this set of problems, we calculate for each algorithm the fraction of solved problems given by the ratio between the number of successful runs and the total number of instances. This ratio is computed every 50 evaluations of the objective function. Figures [5](#Fig5){ref-type="fig"}, [6](#Fig6){ref-type="fig"} and [7](#Fig7){ref-type="fig"} show the fraction of multimodal, unimodal and all problems, respectively, solved by each method to reach the optimality tolerance along the iterative procedure.Fig. 5Fraction of multimodal problems solved as function of allowable number of function evaluationsFig. 6Fraction of unimodal problems solved as function of allowable number of function evaluationsFig. 7Fraction of all problems solved as function of allowable number of function evaluations

The *q*-G method solved 100 % of the multimodal problems (see Fig. [5](#Fig5){ref-type="fig"}), 79 % of the unimodal problems (see Fig. [6](#Fig6){ref-type="fig"}) and, in total, our approach solved 83 % of the problems arriving in a 7th position among the 23 methods. The comparison was performed under the same initial conditions and stopping criterion, and the *q*-G method used the same set of free parameters for all problems, namely $\documentclass[12pt]{minimal}
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Second set of problems {#Sec6}
----------------------

The performance of the *q*-G method was also evaluated on twelve 10-D and twelve 30-D test problems, ten unimodal and fourteen multimodal. Their characteristics are summarized in Table [2](#Tab2){ref-type="table"}. These functions are a subset of the problems proposed at CEC′2005 (Suganthan et al. [@CR23]). The *q*-G method is compared with the top eleven Evolutionary Algorithms (EAs) participants of the competition: BLX-GL50 (Garcia-Marinez and Lozano [@CR6]), BLX-MA (Molina et al. [@CR13]), CoEVO (Posik [@CR15]), DE (Ronkkonen et al. [@CR19]), EDA (Yuan and Gallagher [@CR24]), DMS-L-PSO (Liang and Suganthan [@CR11]), L-SaDE (Qin and Suganthan [@CR16]), G-CMA-ES (Auger and Hansen [@CR1]), L-CMA-ES (Auger and Hansen [@CR2]), K-PCX (Sinha et al. [@CR20]) and SPC-PNX (Ballester et al. [@CR3]). In addition, we applied the Steepest Descent (SD) method to the same test problems in order to compare the *q*-G method with its classical version.Table 2A subset of the test problems proposed at CEC′2005 for dimensions 10-D and 30-DTest problems$\documentclass[12pt]{minimal}
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The test problems proposed at CEC′2005 are based on classical benchmark functions such as Sphere, Rosenbrock's, Rastrigin's, Ackley's and Griewank's function. They contain difficulties such as huge number of local minima, shifted global optimum, rotated domain, noise, global optimum outside the initialization range or within a very narrow basin, and a combination of different function properties (Suganthan et al. [@CR23]). The function $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{15}$$\end{document}$, for example, is a composition of Rastrigin's, Weierstrass, Griewank's, Ackley's and Sphere functions. The selected subset of the CEC′2005 test problems comprises those for which at least one of the thirteen algorithms (eleven EAs, the *q*-G and SD methods) was capable to achieve a fixed accuracy or a target function value defined in (Suganthan et al. [@CR23]).

To ensure a fair comparison, we applied on the *q*-G and SD methods the same evaluation criteria defined in (Suganthan et al. [@CR23]) and used by the EAs. For each function and dimension, the algorithms performed 25 independent runs from different starting points generated with a uniform random distribution within the search space[1](#Fn1){ref-type="fn"} (see column $\documentclass[12pt]{minimal}
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To evaluate the performance of the methods on this second set of problems, we computed a "success rate" (*SR*) and a "success performance" (*SP*) for each algorithm and function as (Suganthan et al. [@CR23])$$\documentclass[12pt]{minimal}
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The performance comparison of the *q*-G method with its classical version (SD method) and the top eleven EAs of CEC′2005 was made for two groups: the five unimodal and the eight multimodal test functions. For each group and dimensions, 10-D and 30-D, we calculated the average success rate and the average success performance of each algorithm. The average success rate of an algorithm is the arithmetic mean of the *SP* values in a group of functions. The average success performance is the arithmetic mean of the *SP* values for the functions with at least one successful run. Tables [4](#Tab4){ref-type="table"} and [5](#Tab5){ref-type="table"} show the resulting ranking of the algorithms for the unimodal and multimodal functions, respectively, and the dimensions 10-D and 30-D. The algorithms are ranked by the following criteria:Highest value of the average success rate (column "Average *SR*  %").Number of solved functions in each group (column "SF"). *A function is considered solved by an algorithm if at least one of the runs is a successful run or if the SR is different from 0*.Lowest value of the average success performance (column "Average *SP*").Table 4Rank of the algorithms for the unimodal problems and dimensions 10-D and 30-D10-D30-DAlgorithmsAverageSFAverageAlgorithmsAverageSFAverage*SR* (%)*SPSR* (%)*SP*G-CMA-ES10053.85e+03G-CMA-ES8853.70e+04EDA9851.46e+04L-CMA-ES8043.32e+04DE9655.68e+04EDA8041.81e+05L-CMA-ES8654.20e+04DMS-L-PSO5731.57e+05BLX-GL508043.22e+04SPC-PNX5332.36e+05CoEVO8043.53e+04L-SaDE5032.36e+05SPC-PNX8042.72e+04K-PCX4027.53e+03DMS-L-PSO7643.75e+04BLX-GL504021.09e+05L-SaDE7242.96e+04SD2123.70e+06BLX-MA5934.10e+04q-G2014.51e+04*q-G5932.80e+04*BLX-MA2013.17e+04K-PCX5732.01e+04DE2011.39e+05SD4021.64e+04CoEVO921.11e+06

Table 5Rank of the algorithms for the multimodal problems and dimensions 10-D and 30-D10-D30-DAlgorithmsAverageSFAverageAlgorithmsAverageSFAverage*SR*(%)*SPSR* (%)*SP*G-CMA-ES6967.53e+04G-CMA-ES4161.41e+06L-SaDE5956.06e+04q-G4134.51e+04DMS-L-PSO5455.18e+04K-PCX3552.07e+05K-PCX4742.99e+04DMS-L-PSO3036.33e+05*q-G4335.67e+03*L-CMA-ES2923.56e+04DE3966.91e+05BLX-GL502921.38e+05BLX-GL502949.42e+04L-SaDE2321.17e+05L-CMA-ES3533.64e+04SD1412.28e+04EDA2141.68e+05EDA1411.31e+05BLX-MA1321.87e+05DE1312.00e+05SPC-PNX121.45e+05SPC-PNX1022.79e+05SD113.55e+05CoEVO615.69e+05CoEVO00--BLX-MA516.58e+05

For the unimodal problems, the *q*-G method does not perform very well arriving in eleventh and tenth positions for dimensions 10-D and 30-D, respectively. The average success rates for the unimodal problems are 59 % for 10-D and 20 % for 30-D. Note that the increase of the dimension affected the performance of all algorithms, in terms of either *SR* or the number of solved functions. Overall, the performance of the *q*-G method is not very different from its classical version, the SD method, which arrives in the thirteenth and ninth positions, for dimensions 10-D and 30-D, respectively.

This picture changes for the multimodal problems, where the *q*-G method performed well, arriving in fifth and second positions for 10-D and 30-D, respectively. The average success rates of the *q*-G method are 43 and 41 % for 10-D and 30-D, respectively. As expected, the SD method has a poor performance over the multimodal problems arriving in twelfth and eighth positions for dimensions 10-D and 30-D, respectively. Again, the increase of the dimension affected the performance of all algorithms.

Conclusions {#Sec7}
===========

In this paper we presented the *q*-G method, a generalization of the Steepest Descent method based on the use of the *q*-gradient vector to compute the search direction. This strategy provides the algorithm an effective mechanism for escaping from local minima. As implemented here, the search process performed by the *q*-G method gradually shifts from global search in the beginning to local search in the end. Our computational results have shown that the *q*-G method is competitive and promising. For the multimodal functions in the two set of problems, it performed well compared to the other derivative-free algorithms, some considered to be among the state-of-the-art in the evolutionary computation and numerical optimization communities.

Although our preliminary results show that the method is effective, further research is necessary. Currently, a novel version of the *q*-G method, which is able to guarantee the convergence of the algorithm to the global minimum in a probabilistic sense, is under development. This version is based on the generalized adaptive random search (GARS) framework for deterministic functions (Regis [@CR17]). In addition, gains in the performance of the *q*-G method are expected with the implementation of several improvements, such as inclusion of side, linear and nonlinear restrictions, development of better step selection strategies and others.

For the Shifted rotated Griewank's function ($\documentclass[12pt]{minimal}
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                \begin{document}$$[0,600]^D$$\end{document}$, where *D* is the dimension of the problem.

The accuracy level is defined for each function in (Suganthan et al. [@CR23]).
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